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CABLES

% 7.6. Cables with Concentrated Loads. Cables g,
used in many engineering applications, such as suspensiop
bridges, transmission lines, aerial tramways, guy wires for high
towers, etc. Cables may be divided into two categories, accorq.
ing to their loading: (1) cables supporting concentrated loads.
(2) cables supporting distributed loads. In this section, we sha]|
examine cables of the first category.

Consider a cable attached to two fixed points A and B ang
supporting n given vertical concentrated loads P,, P,, ..., P,
(Fig. 7.13a). We assume that the cable is flexible, i.e., that it
resistance to bending is small and may be neglected. We further
assume that the weight of the cable is negligible compared with
the loads supported by the cable. Any portion of cable between
successive loads may therefore be considered as a two-force
member, and the internal forces at any point in the cable reduce
to a force of tension directed along the cable.

We assume that each of the loads lies in a given vertical line,
i.e., that the horizontal distance from support A to each of the
loads is known; we also assume that the horizontal and vertical
distances between the supports are known. We propose to de-
termine the shape of the cable, ie., the vertical distance from
A to each of the points Cy, C,, ..., C,, and also the tension
T in each portion of the cable.

We first draw the free-body diagram of the entire cable (Fig.
7.13b). Since the slope of the portions of cable attached at A
and B is not known, the reactions at A and B must be represented
by two components each. Thus, four unknowns are involved.
and the three equations of equilibrium are not sufficient to deter-
mine the reactions at A and B.t We must therefore obtain an
additional equation by considering the equilibrium of a portion
of the cable. This is possible if we know the coordinates x and
y of a point D of the cable. Drawing the free-body diagram
of the portion of cable AD (Fig. 7.14a) and writing ZM, = 0.
we obtain an additional relation between the scalar components
A, and A, and may determine the reactions at A and B. The
problem would remain indeterminate, however, if we did not
know the coordinates of D, unless some other relation between
A, and A, (or between B, and B,) were given. The cable might
hang in any of various possible ways, as indicated by the dashed
lines in Fig. 7.13b. '

- Once A, and A have been determined, the vertical distance
from A to any point of the cable may be easily found. Consider-
ing point C,, for example, we draw the free-body diagram of

1 Clearly, the cable is not a rigid body; the equilibrium equations represent.
therefore, necessary but not sufficient conditions (see Sec. 6.11).




the portion of cable AC, (Fig. 7.14b). Writu,g ZMg, = 0, we
obtain an equation which may be solved for y,. Writing ZF, = 0
and EFy = 0, we obtain the components of the force T repre-
senting the tension in the portion of cable to the right of C,.
We observe that Tcos@ = —A,; the horizontal component of
the tension force is the same at any point of the cable. It follows
that the tension T is maximum when cos § is minimum, ie., in
the portion of cable which has the largest angle of inclination
§. Clearly, this portion of cable must be adjacent to one of the
two supports of the cable.

%7.7. Cables with Distributed Loads. Consider a
cable attached to two fixed points A and B and carrying a distrib-
uted load (Fig. 7.15a). We saw in the preceding section that,
for a cable supporting concentrated loads, the internal force at
;any point is a force of tension directed along the cable. In the
case of a cable carrying a distributed load, the cable hangs in
the shape of a curve, and the internal force at a point D is a
force of tension T directed along the tangent to the curve. Given
a certain distributed load, we propose in this section to deter-
mine the tension at any point of the cable. We shall also see
in the following sections how the shape of the cable may be
determined for two particular types of distributed loads.

Considering the most general case of distributed load, we draw
the free-body diagram of the portion of cable extending from
the lowest point C to a given, point D of the cable (Fig. 7.15b).

_The forces acting on the free body are the tension force T, at
C, which is horizontal, the tension force T at D, directed along

_the tangent to the cable at D, and the resultant W of the distrib-

"uted load supported by the portion of cable CD. Drawing the

corresponding force triangle (Fig. 7.15¢), we obtain the following
relations:

Tcosl =T, Tsing =W (7.5)
T=VTZ+W? tanf = TE (1.6)

0
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From the relations (7.5), it appears that the horizontal comp,.
nent of the tension force T is the same at any point and thy
the verticai component of T is equal to the magnitude W f
the load measured from the lowest point. Relations (7.6) shouw
that the tension T is minimum at the lowest point and maximum,
at one of the two points of support.

% 7.8. Parabholic Cable. Let us assume, now, that the
cable AB carries a load uniformly distributed along the horizontq]
(Fig. 7.16a). Cables of suspension bridges may be assumed
loaded in this way, since the weight of the cables is small com.
pared with the weight of the roadway. We denote by w the
load per unit length (measured horizontally) and express it in
N/m or in Ib/ft. Choosing coordinate axes with origin at the
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lowest point C of the cable, we find that the magnitude W of
the total load carried by the portion of cable extending from
C to the point D of coordinates x and y is W = wax. The relations
(7.6) defining the magnitude and direction of the tension force
at D become

T=VI%+w® tanf = %‘. (0

0

Moreover, the distance from D to the line of action of the
resultant W is equal to half the horizontal distance from C to
D (Fig. 7.16b). Summing moments about D, we write

+)=M, = O: wx%—— Ty =0

2
= wx” (7.3X

Y=o,



This is the equation of a parabola with a vertical axis and its
vertex at the origin of coordinates. The curve formed by cables
loaded uniformly along the horizontal is thus a parabola.t

When the supports A and B of the cable have the same eleva-
tion, the distance L between the supports is called the span of
+he cable and the vertical distance h from the supports to the
jowest point is called the sag of the cable (Fig. 7.17a). If the
span and sag of a cable are known, and if the load w per unit
horizontal length is given, the minimum tension T, may be found
by substituting x = L/2 and y = h in formula (7.8). Formulas
7.7) and (7.8) will then define the tension at any point and the
shape of the cable.

When the supports have different elevations, the position of
‘he lowest point of the cable is not known and the coordinates
¢y Y, and xp, yp of the supports must be determined. To this
offect, we express that the coordinates of A and B satisfy Eq.
7.8) and that xz — x, = L, yp — y, = d, where L and d denote,
respectively, the horizontal and vertical distances between the
two supports (Fig. 7.17b and c¢).

The length of the cable from its lowest point C to its support
B may be obtained from the formula

zg duy \2
Sp :‘f 1+ (d—Z) dx
0 X/

Differentiating (7.8), we obtain the derivative dy/dx = wx/T;

ubstituting into (7.9) and using the binomial theorem to expand
he radical in an infinite series, we have

e

f (1 L ow wx? it + )dx

A 3T ~ 8T3 '
w?x} whrg )

’“"B<1+ 677  4oT3 T

ind, since wx3/2T, = yp,

2
w=nfi o5 () -5 () -]

The series converges for values of the ratio y,/xy less than 0.5;
n most cases, this ratio is much smaller, and only the first two
erms of the series need be computed.

(7.9)

(7.10)

t Cables hanging under their own weight are not loaded uniformly along the
wrizontal, and they do not form a parabola. The error introduced by assuming
« parabolic shape for cables hanging under their own weight, however, is small
vhen the cable is sufficiently taut. A complete discussion of cables hanging
inder their own weight is given in the next section.
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SAMPLE PROBLEM 7.8

The cable AE supports three vertical loads from the points indicate(
If point C is 5 ft below the left support, determine (a) the elevatigy,
of points B and D, (b) the maximum slope and the maximum tensjg,,
in the cable.
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Solution. The reaction components A, and A, are determined 4,
follows:

Free Body: Entire Cable
+7ZM, = 0:
A,(20ft) — A (60 ft) 4+ (6kips)(40 ft)
+ (12 kips)(30 ft) + (4 kips)(15 ft) =
20A, — 60A, + 660 = 0
Free Body: ABC

FIEM,=0:  —A(5ft) — A,(30ft) + (6kips)(10ft) = 0
—5A, — 304, + 60 = 0

Solving the two equations simultaneously, we obtain

A, = —18kips A, = 18Kkips «

z T
A + 5 kips A, = 5kips?

v v
a. Elevation of Point B. Considering the portion of cable AB as
a free body, we write
+YEM, = 0 (18 kips)yp — (5 kips)(20 ft) = 0
Yg = 5.56 ft below A -

Elevation of Point D. Using the portion of cable ABCD as a ficc
body, we write

+YEM, = 0:
—(18kips)y, — (5kips)(45 ft) + (6 kips)(25 ft) + (12 kips)(15 ft) = 0
yp = 5.83ft above A -
b. Maximum Slope and Maximum Tension. We observe that the

maximum slope occurs in portion DE. Since the horizontal component
of the tension is constant and equal to 18 kips, we write

_ 1417 e
tan @ = 1SR 0 =434 -
18 kips .
Toax = “os0 T, = 24.8kips -
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0 _«MPLE PROBLEM 7.9
| im _
M A light cable is attached to a support at A, passes over a small pulley

0.5m D at B, and supports a load P. Knowing that the sag of the cable is
‘P 0.5m and that the mass per unit length of the cable is 0.75kg/m,
determine (a) the magnitude of the load P, (b) the slope of the cable
at B, and (c) the total length of the cable from A to B. Since the
ratio of the sag to the span is small, assume the cable to be parabolic.

Also, neglect the weight of the portion of cable from B to D.

a. Load P. We denote by C the lowest point of the cable and draw
the free-body diagram of the portion CB of cable. Assuming the load
to be uniformly distributed along the horizontal, we write

w = (0.75 kg/m)(9.81 m/s?) = 7.36 N/m
The total load for the portion CB of the cable is
W = wxy = (.36 N/m)(20 m) = 1472 N

and is applied halfway between C and B. Summing moments about
B, we write

FYSMy = 0:  (1472N)10m) — T,05m) =0 T, = 2944 N

T, From the force triangle we obtain
W = 1472N Ty = VT3 + W2
= V(2944 N)? + (147.2 N)* = 2948 N

T, Since the tension on each side of the pulley is the same, we find
P= I, = 2048 N -t
b. Slope of Cable at B. We also obtain from the force triangle
w 1472 N
= — = = 0.05
tan b = 7 = 5944N
 =29° -
Y B c. Length of Cable. Applying Eq. (7.10) between C and B, we write
1
| 2 2
E yg=0.5m SB=xB[1+'§'('Zi> + ]
i l B
€ wz== : z 2 (0.5m \?
= {20 m [1 + —(-————) + - ] = 20.00833 m
‘-—-xB = 20m——-l ( ) 3\20m

The total length of the cable between A and B is twice this value,
Length = 255, = 40.0167m —-

293




